At least two different notions have been published under the name "majority domination in graphs": Majority dominating functions and majority dominating sets. In this work we extend the former concept to digraphs. Given (D). In this work we introduce these concepts and prove some results regarding them, among which the fact that the decision problem of finding a majority out-dominating function of a given weight is NP-complete.
Introduction
Several different kinds of situations can be modeled with the help of majority outdominating functions in digraphs. Basically, by assigning either −1 or +1 to each vertex of a (di)graph, we are partitioning the set of vertices into a set of "bad" elements and a set of "good" elements. In this context, adjacency may be interpreted as "influence". In a graph, if element u influences element v, then v influences u as well; in a digraph this does not necessarily hold.
Typical examples of applications of majority dominating functions, both in digraphs and in undirected graphs, arise in the context of democracy. However, there are other areas where they are useful.
For example, consider the case of a natural reserve. We can assign −1 to communities inside the reserve where some furtive hunters live, and 1 to ranger posts. Adjacency means the possibility to reach one place from another in a short time. It is directional due to the characteristics of the land (for example, up-hill vs. downhill). If f (N + [v] ) ≥ 1 for a given spot v, this means there are enough rangers to stop the hunting there. Then a MODF of minimum weight is a distribution with a minimum number of ranger posts such that at least half of the reserve is safe. Of course, it would be better to protect the whole reserve; this kind of application becomes relevant when the number of rangers available is very limited. Section 2 is focused on the basic definitions used in the paper. In Section 3 we determine γ + maj for some standard classes of digraphs and prove general results about MODFs, mainly regarding the deletion of a vertex and that of an arc, as well as the inversion of an arc. In Section 4 we deal with orientations of a graph G: Which is the maximum and minimum for γ + maj (D) such that D is an orientation of G? We answer the question for some standard classes of graphs. Section 5 is the proof that the decision problem of finding a MODF of a given weight is NPcomplete.
Fundamentals
Throughout this paper D = (V, A) is a finite directed graph with neither loops nor multiple arcs (but pairs of opposite arcs are allowed) and G = (V, E) is a finite undirected graph with neither loops nor multiple edges. Unless stated otherwise, n denotes the order of D (or G), that is, n = |V |. For basic terminology on graphs and digraphs we refer to [2] , and for a monograph regarding domination in digraphs we refer to Chapter 15 in [4] .
Let G = (V, E) be a graph. For any vertex u ∈ V , the set N G (u) = {v : uv ∈ E} is called the neighborhood of u in G. Let G = (V, E) be a graph. A majority dominating function [1] is a function f : V → {−1, 1} such that the set S = {v ∈ V :
the weight of a majority dominating function is w(f ) = v∈V f (v), and min{w(f ) : f is a majority dominating function in G} is the majority domination number of G,
This concept can be naturally extended to digraphs: Given a digraph D = (V, A), a majority out-dominating function (MODF) of D is a function f : V → {−1, 1} such that the set S = {v ∈ V :
the weight of f is w(f ) = v∈V f (v), and min{w(f ) : f is a MODF of D} is the majority out-domination number of D, denoted γ
Of course, we can define majority in-dominating functions analogously. However, as happens with kernels and solutions, the concepts are equivalent since a function f is a majority in-dominating function of a given digraph D if, and only if, f is a MODF of ← − D , where ← − D is the digraph resulting from reversing all the arcs of D. It is also possible to define majority out-dominating sets in digraphs. This is done in [3] . However, the relation between this notion and that of majority outdominating function is weak, and was pointed out in the paper mentioned, so we will not even define the concept here.
MODFs in digraphs
We start this section by determining the majority out domination number for some special classes of digraphs. Observe that for a digraph D = (V, A) and a MODF f of D, w(f ) = |f
Proposition 3.1. Let C n denote the directed cycle with n vertices. Then
Proof. We number the vertices of C n = (V, A) in order, that is, V = {v 1 , ..., v n } with N + (v i ) = {v i+1 }, where "+" denotes the addition modulo n. Let f be a MODF of
) are non-positive, where "−" denotes the inverse operation of +. Therefore, if we have
On the other hand, the function g :
Proposition 3.2. Let P n denote the directed path with n vertices. Then
Proof. The proof is similar to that of Proposition 3.1: We number the vertices of P n = (V, A) in order, that is, V = {v 1 , ..., v n } with N + (v i ) = {v i+1 }, for i ∈ {1, ..., n − 1}. Then for every MODF f of P n and every j ∈ {2, ..., n}, if
Conversely, the function g :
A tournament is an orientation of a complete graph.
Proof. Let T = (V, A) be a transitive tournament of order n. Notice that both the in-degree sequence and the out-degree sequence of T are (n − 1, n − 2, ..., 1, 0). Let f be a MODF of T, and suppose that w(f ) < −n+2⌈ , it follows that f is not a MODF of T, which is a contradiction. Then
4 ⌉. On the other hand, the function g :
In relation with Theorem 3.4, we have the following conjecture: 
Intuitively, if we assign −1 to the vertices with least in-degree, less vertices will be affected by them, so more vertices may have the value −1 while the function is still a MODF. It may be easier to prove the conjecture for tournaments. Now we will prove some general results regarding MODFs:
Proof. Let f be a MODF of the digraph D = (V, A). Take v ∈ V with f (v) = 1, and suppose that for every
It is clear that the converse of Proposition 3.7 does not hold. For example, in a directed path P n consider the function assigning 1 to every vertex.
It is interesting to explore the effect in γ + maj of the removal of an arc or a vertex, as well as that of reversing one arc:
The bounds are sharp.
for every x ∈ V \ {u, v}. However, if we consider the function g : V → {−1, 1} such that g(u) = 1 and g(x) = f (x) for every x ∈ V \ {u}, we have that
This settles the upper bound.
The lower bound follows because D s obtained from D ′ by reversing the arc vu. 
As in the previous proposition, if C 3 denotes a directed triangle and D is obtained from C 3 by deleting one arc, we have that γ Figure 2 4 Oriented graphs
, and |E| = |A|. Of course, two distinct orientations of a given graph may have different majority domination numbers. This suggests the following definitions:
The study of these two parameters is quite interesting. In contrast with what happens with majority out-dominating sets (see [3] ), in this case it does not hold that for every graph G, dom 
On the other hand, consider the following orientation D 1 = (V, A) of P n : We number the vertices of V (P n ) in order, that is, 
Proof. Take K 1,n−1 = (V, E) and let v be its central vertex. For any orientation D of K 1,n−1 , any function f : V → {−1, 1}, and any vertex u ∈ V \ {v}, we have that
2 ⌉. This implies that dom 
2 ⌉, the function f 1 : 
Moreover, if n ≥ 13 and for every v ∈ V we have d(v) = 2, then:
and if 5 ≤ n < 13, or n ≥ 13 and there exists u ∈ V with d(u) = 2, then:
Proof. Let u and v be the stem vertices of G, and let D = (V, A) be any orientation of G with uv ∈ A. We define a function f : V → {−1, 1} in the following way:
If
It is clear that in each case the function f is a MODF of D with |f Now we will prove the statements for dom
The cases with n < 13 can be easily verified, so we assume n ≥ 13. As in the proof of Proposition 4.4, for any orientation D of G, any function f : V → {−1, 1}, and any pendant vertex x, we have that
if n is even and dom + maj (G) ≥ −3 if n is odd. Let u and v be the stem vertices of G, and without loss of generality assume uv ∈ A. For equality to hold we need both f (N + [u]) and f (N + [v]) positive with f (u) = f (v) = −1. This is possible only if u has at least three pendant vertices with value 1 in its out-neighborhood, and v has at least two, which implies that G has no vertex of degree 2. In this case, for the orientation
On the other hand, suppose G has a vertex of degree 2. As stated in last paragraph, in such a case it is not possible to have
and f (N + [v]) positive. However, it can be done for one of the stem vertices, namely v. Therefore, for any function f : V → {−1, 1}, we have |f
2 ⌉, and define the function g : V → {−1, 1}, such that g(x) = 1 if x ∈ N + (v), and g(x) = −1 otherwise. Since w(g) = −2 if n is even, and w(g) = −1 if n is odd, the proof is complete.
Proof. Let G = (V, E) be a graph and let f : V → {−1, 1} be a γ maj (G)-function. It is easy to verify that for n = 4, γ maj (G) = 0 (the result appears as well in [1] ). Assume n ≥ 5 and let u and v be the stem vertices of Proof. Take K r,s = (V, E) as in the hypothesis, and consider a vertex v ∈ V. Let D be an orientation of K r,s , and let g : V → {−1, 1} be a function such that g(v) = 1 and g(x) = −1 for x ∈ V \ {v}. Then g(N + [x]) ≤ 0 for every x ∈ V \ {v}, since g(x) = −1 and |g −1 (1)| = 1. Therefore, g is not a MODF of D, because r + s ≥ 4. This implies that for every MODF f of D we have |f
On the other hand, let R and S be the defining partite sets of K r,s , with |R| = r and |S| = s, and take {u, v} ⊆ R. Take the orientation D ′ of K r,s such that
In relation with Proposition 4.8, we have the following conjecture:
Conjecture 4.9. Let 2 ≤ r ≤ s be two integers. Then:
Theorem 4.10. For any graph G, we have dom
Proof. Let G = (V, E) be a graph and let f : V → {−1, 1} be a γ maj (G)-function. We get the orientation D = (V, A) of G as follows: For any uv ∈ E with f (u) = −1 and f (v) = 1, the arc uv ∈ A. Edges whose vertices are both positive or both negative may be oriented arbitrarily. We will see that f is a MODF of D:
In relation with Theorem 4.10, given a graph G we may have γ maj (G) < DOM
In [1] it is proven that for paths (n ≥ 2) and cycles (n ≥ 3), γ maj (G) = −2⌈ n−4 6 ⌉ for n even, and γ maj (G) = 1 − 2⌈ n−3 6 ⌉ for n odd, so Propositions 4.2 and 4.3 imply that for paths and cycles γ maj (G) < DOM + maj (G). It appears as well in [1] that γ maj (K 1,n−1 ) = 1 if n is even, and γ maj (K 1,n−1 ) = 2 if n is odd, which along with Proposition 4.4 means that DOM + maj (K 1,n−1 ) < γ maj (K 1,n−1 ). Proposition 4.7 shows that for double stars γ maj (G) = DOM + maj (G).
Complexity
In this section we will prove that the decision problem MAJORITY OUT-DOMINATING FUNCTION is NP-complete. This will be accomplished by means of a polynomial reduction from a particular case of the problem IN-DOMINATING SET, known to be NP-complete. The statements of the problems mentioned above are as follows: It was proven in [5] (result appearing as well in [4] ) that γ − ≤ (
2δ + +1 )n. Therefore, our choice of d guarantees γ − < n 2 + 1. As a comment, the quoted result is stated for δ + ≥ 1 but holds as well if δ + = 0. Let S be an in-dominating set of D ′ of cardinality at most k. We will show that there is a majority out-dominating function of D of weight at most 2k − 2n − 2d: Consider the function f : V (D) → {−1, 1} such that f (v) = 1 if, and only if, v ∈ S ∪ X. Then the weight of f is at most
Since the order of D is 2n + 4d, it follows that f is a majority out-dominating function in D.
Conversely, assume that γ 
Conclusions and scope
In this paper we extended the notion of majority dominating function to digraphs. In addition to its applications, the topic is of mathematical interest since the behavior of MODFs is quite different to that of their counterparts in graphs. This is only an introductory work, in which the concept is defined and some basic results are proven. Basically, two directions of research are suggested through the text, other than getting bounds or actual values for γ We hope this paper will be helpful for people working in related topics, and perhaps it will encourage further research in the field.
